Abstract-A phaseless data acquisition applied on a reduced set of points is presented for inverse scattering problems. The setup is based on the Leith-Upatnieks holography with synthesized reference waves so that the phase of the reference wave can be adjusted to acquire the so-called "reduced field" instead of the regular field. Thus, nonregular sampling techniques can be applied resulting in strong reduction in the number of acquisition points. The technique is validated using simulation and measurement examples at microwave frequencies.
I. INTRODUCTION

I
NVERSE scattering techniques are well-known to be very useful for a wide variety of applications such as medicine, defense or security. In order to lower the overall cost of the system, it is quite usual to combine them with phaseless algorithms so that the acquisition can be accomplished with low-cost power-meters.
Phaseless acquisition involves sampling requirements higher than those required for conventional amplitude and phase acquisition since the spatial bandwidth of the square amplitude is twice that of the full signal [1] .
Several works have exploited the band-limited properties of the radiated fields [2] to achieve a nonredundant sampling for phaseless measurements. Thus, a complete characterization of the two-dimensional tomography has been carried out in [3] , [4] for receivers and transmitters situated in multiple setups. The aforementioned techniques rely on an iterative minimization of a cost function that is free of false solutions if the setup fulfills certain geometry conditions [3] , [4] . Alternatively, a one-step approach [5] has been proposed when these conditions cannot The authors are with the Departamento de Ingeniería Eléctrica, Universidad de Oviedo, Gijón 33203, Spain (e-mail: jlaviada@tsc.uniovi.es; yalopez, aarboleya@tsc.uniovi.es; cgarciag@tsc.uniovi.es; flasheras@tsc.uniovi.es).
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Digital Object Identifier 10.1109/TAP.2013.2291238 be fulfilled. However, this method is only recommended if the initial one cannot be applied due to the strong dependence on the starting guess for the iterative algorithm. Some remarkable enhancements such as the estimation of the incident field as well as extensive measurement validation are also available in the literature [6] , [7] . An alternative technique for phase retrieval is the LeithUpatnieks holography [8] that relies on an interferometric approach. This technique is iteration-free and, therefore, it cannot suffer from stagnation and does not require an initial guess. In addition, it has shown very good properties for the millimeter and submillimeter bands [9] , [10] which are of special interest for the aforementioned inverse scattering applications. On the other hand, it requires a higher invest on equipment. In the case of inverse scattering problems based on monostatic scattered field, solutions have been proposed to reduce the number of extra components [11] . Moreover, a similar setup has also been proved to be able to retrieve phase information from frequency sweeps by means of processing in the time-domain [12] .
A second drawback is the characterization of the reference field. This field is combined with the scattered field in the receiver and its amplitude and phase must be accurately known to avoid introducing errors into the retrieved field. Several approaches have been proposed to bypass the problem, for example, the use of synthesized reference waves [13] , [14] .
In the Leith-Upatnieks holography, the sampling rate also has to be increased due to the higher bandwidth of the signal resulting from combining the scattered field and the reference field [15] . In the context of antenna measurement, it has already been shown that this problem can be mitigated by properly choosing the phase of the reference wave [16] . This choice enables the acquisition of the so-called "reduced field" and, therefore, it can also benefit from thenonredundant sampling [2] . After the acquisition of the reduced field, the radiated field can be retrieved at any point by means of an optimal sampling interpolation (OSI) [17] .
The main contribution of this paper is the reduction of the sampling requirements in the Leith-Upatnieks holography for inverse scattering problems based on monostatic scattered field. Thus, an efficient setup is achieved without resorting to iterative postprocessing. For this purpose, the optimum phase function to be synthesized is calculated. Furthermore, the system is experimentally validated for metallic targets by applying recent techniques to reduce the number of components [11] . The acquisition is arranged as a planar range which has been experimentally validated to be a good setup for defense and security purposes. A complete review of inverse scattering in planar ranges can be found in [18] .
The paper is structured as follows. First, the setup for the implementation of the Leith-Upatnieks holography with synthetic reference wave is summarized. Next, the characterization of the quasimonostatic field acquired by the previous setup is accomplished and the optimal sampling strategy is presented. After that, the optimum value for the phase of the reference field is calculated and the algorithm to retrieve the field is developed. The method is tested with several numerical examples wherein the exact results can be computed for comparison purposes. Finally, several measurements examples are shown to validate the method. The conclusions and discussion of the method end the paper. Indirect holography with nonredundant sampling
A. Quasimonostatic Acquisition Setup
The Leith-Upatnieks setup for indirect holography with synthesized reference wave [13] that will be used in this paper is shown in Fig. 1 . In this setup, the field scattered by the object under test (OUT) due to an incident field transmitted by an antenna is received by a second antenna, which is placed as close as possible to the transmitter antenna. The distance between both antennas is limited by the coupling between them so that it is kept under a certain threshold avoiding a significant reduction of the dynamic margin. This kind of quasimonostatic acquisition setup can be considered monostatic from a practical point of view.
The received field is combined with a reference field that is generated from the same source of the incident field so that they are phase-locked. The most extended approach to synthesize the reference wave is to use a phase shifter in the corresponding branch. The phase shifting is adjusted so that the reference field is equivalent to the one produced by a plane-wave [9] , [14] , [19] .
Although the OUT is moved along the scanning surface in this paper, same result would be obtained if the antennas were moved whereas the object remains static. For this reason, the field acquired by the aforementioned setup is characterized in the next section by assuming that the antennas are moved instead of the object. 
B. Reduced Monostatic Field Sampling
It has been shown in [2] that an efficient representation of the field radiated by the sources enclosed on a certain convex domain on a certain curve can be carried out by: 1) choosing an arbitrary parametrization of the curve so that the observation points can be expressed as ; and 2) reducing the field with an arbitrary phase function (1) wherein is the so-called reduced field. The parametrization of the observation curve as well as the phase function depend on the shape of [2] . In the following, only the component of the field acquired by the receiver antenna will be considered and, therefore, a scalar notation is used for the field. However, the same procedure can be repeated for each component of the field.
If the parametrization and phase function, which are valid for bistatic acquisitions, are optimal [2] , then the spectrum of the reduced field quickly vanishes beyond a certain value such that the effective spectrum of the reduced field is given by , wherein is an enlargement bandwidth factor. Assuming that the parametrization and phase functions are optimal, then the field scattered by a certain geometry due to the radiation of a certain antenna placed on the observation curve at a point and acquired by an antenna placed at (see Fig. 2 ) can be expanded into a Dirichlet series as [1] , [2] (2) wherein ; and ; and is the periodic sinc or Dirichlet function defined as (3) Please note that the superscript is used to denote parameters that are related to a bistatic acquisition.
By applying the reasoning in [1] and considering the reciprocity theorem and (2), the following result is achieved: (4) then, inserting (4) into (2) (5) The monostatic field can be obtained from the previous one by considering in (5) yielding (6) The double Dirichlet series can be turned into a single one according to [1] and, consequently (7) wherein and, thus, the number of samples representing the reduced monostatic field is twice the number of samples representing the reduced bistatic field. Hence, the new sampling points are given by and, therefore, the spatial bandwidth of the reduced monostatic field is approximately twice the bandwidth of the bistatic scattered field. Furthermore, the monostatic phase factor for phase reduction has been shown to be twice the conventional factor for bistatic acquisitions [2] .
In practice, interpolation in (7) is restricted to the nearest samples [2] , [16] to speed up the interpolation procedure. In order to minimize the error due to this truncation, an oversampling factor is introduced so that the sampling step is calculated as wherein
The truncated interpolation which is enhanced by the Tschebyscheff or approximate prolate spheroidal wave functions is usually referred to as optimal sampling interpolation (OSI) [17] . Once the phase factor and sampling steps for the reduced monostatic field on a certain curve have been fully characterized, the method can be directly applied to arbitrary acquisition surfaces by using a double parametrization of the surface [2] .
C. Indirect Holography
The monostatic phaseless scattering depicted in Fig. 1 provides the following acquired hologram [15] : (8) wherein is the field scattered by the object and received by the Rx probe; and is the reference field that is synthetically generated by changing the phase of the reference field for each position of the antennas. Thus, the reference field is given by (9) with being the complex amplitude of the reference signal.
Considering the phase reduction factor for the monostatic field and applying the reasoning in [16] , it is convenient to choose the phase of the reference field as (10) wherein is the wavenumber of a plane wave in the parametric domain that will be used later to retrieve the phase.
Inserting (10) and (9) into(8), the modified hologram [15] , [14] , [19] can be expressed as (11) wherein the asterisk denotes complex conjugated and is the monostatic field reduced by the phase factor for monostatic field acquisition that has been determined to be equal to as previously shown. Thus, the Fourier transform of the modified hologram is given by (12) If the wave number is greater than the effective bandwidth of the reduced monostatic field, that is (13) then, the two spectral components in (12) can be filtered out with a simple window in the spectral domain. If the first term is filtered out, then the reduced monostatic field can be retrieved by moving back this term to the parametric domain and dividing the result by the equivalent plane wave (14) II. NUMERICAL RESULTS In this section, several method-of-moments-based numerical simulations are carried out to illustrate the previously described phase retrieval.
The scanning surface is a circle where a plane-polar acquisition is accomplished. This surface is parametrized in terms of the azimuthal angle and the polar radius ; this scheme enables the analytical evaluation of the bistatic spatial bandwidth as well as the phase factor for sources that can be enclosed by certain revolution geometries such as a disk or a sphere [2] . The parameter for the radial lines is denoted by a variable whereas the parameter for the azimuthal lines is directly the angle (see the discussion in [16] for further details about the parameter choice).
The phase shifting is only applied along the azimuthal angle as detailed in [16] so that an oversampling factor is not required for the azimuthal coordinate (see further details in [16] ).
The common steps to solve each example are next described as follows:
1) the modified hologram is computed according to (8)- (10); 2) the term is recovered from the spectral domain (12) by applying a window from 0 to for each azimuthal circus of radius ; 3) the monostatic reduced field is retrieved by dividing the result from the previous step by the plane-wave in the parametric domain ; 4) the field is retrieved via interpolation on a rectangular grid of equally spaced points. In all the results, the number of samples for the interpolation is set to . The transmitter and receiver antennas, which are separated along the -axis, are modeled with radiation patterns [20] .
A. Single Frequency Plane-Polar Acquisition
In this example, a metallic ellipse centered at the origin and lying in the plane is considered as OUT. The plate is perforated with the letters "UO" (see Fig. 3(a) ). This geometry can be enclosed by a disk of radius and, therefore, this model is used to compute the parameterization of the azimuthal and meridian lines of the scanning surface as well as the bistatic phase factor according to [2] . However, since a more general model can be achieved by considering the sources enclosed by a sphere with the same radius, these results are also reported for the sake of completeness.
The Tx and Rx radiation patterns are modeled by setting which can be considered a reasonable model for conventional horns since it corresponds to a directivity equals to approximately 16.6 dBi. Both antennas are considered to be -polarized. The working frequency is fixed at . The distance from the object to the acquisition plane is 40 cm. The observation domain is restricted to a maximum radius of that has been observed to be sufficiently large to acquire most of the radiated power.
After retrieving the phase, the field is computed on a square of edge via OSI with sampling steps and, then, backpropagated to the aperture. The number of points in this square grid is 9409. Relative errors between the field retrieved in the square grid and the field are directly computed, and shown in Table I for several input parameter values. In this table, the factor is used instead of the real bandwidth enlargement factor because it does not depend on the radius of the acquisition circumference as discussed in [16] . The relative error is defined as (15) wherein is a vector containing the samples of the exact, that is, directly computed, scattered field; is the vector containing the samples of the field retrieved by OSI from the nonredundant set of samples; and denotes Euclidean norm. This table confirms that the bandwidth enlargement and oversampling factors should not be set to their minimum values to avoid high relative errors. Nevertheless, if the oversampling factor is increased from 1.0 to 1.2, the relative error is drastically reduced with a relatively small increment of the number of acquisition points. Moreover, an increment of the bandwidth enlargement factor results in a relatively small error reduction if the oversampling factor has already been increased to 1.2.
Hence, the choice and seem to provide a fair trade-off between relative error and the number of acquisition points.
In addition, Table I also confirms that considering that the sources can be enclosed by a disk is more efficient than the sphere model in terms of error value and number of sampling points.
Conventional sampling rules for plane-polar acquisition of bistatic field involve steps equal to and [17] . Since the bandwidth of the monostatic field is doubled, then the sampling steps must be half of the previous ones, i.e., and . Finally, if the phase shifting is applied along and the minimum value of given in (13) is considered, then the bandwidth along is again doubled so that the sampling steps for Leith-Upatnieks holography become and . Thus, the number of acquisition points would be 40 756. Fig. 3 shows that the aforementioned errors do not result in any artifacts in the retrieved reflectivity , which has an excellent agreement with the one calculated from the directly computed field. The reflectivity has been efficiently computed by means of 2-D fast Fourier transforms (FFTs) as detailed in [21] .
B. Multifrequency Plane-Polar Acquisition
In the next example, a multifrequency acquisition is accomplished by carrying out a frequency sweep from 12 to 18 GHz with a frequency step equals to . Transmitter and receiver antennas are modeled with which can be considered a fair model for open ended waveguides. Under this model, the approximate directivity for both antennas, which are -polarized, is 7.8 dBi.
According to the results in the previous section, the bandwidth enlargement factors are set to and the oversampling factor is set to . The OUT is the isosceles trapezoid with a hole shown in Fig. 4 . The object has been rotated 45 around the -axis. The scanning plane is set at and the maximum radius is limited to . The acquisition points are considered to be at the highest frequency resulting in 4888 points. Conventional sampling approaches for this acquisition radius would result in 703 193 points.
It is important to notice that the spatial bandwidth for the parametric domain is computed by considering that the object is enclosed by an sphere of radius instead of a disk. It is done so that the acquisition circles can be considered azimuthal circumferences in order to apply the expressions in [2] .
Once the field has been acquired, it is retrieved on a rectangle at the scanning plane, that is, , spanning from to and from to . The step between the points is set to wherein is the wavelength at the maximum frequency. The number of points in this acquisition window is 79261.
The phase shifting is applied along the azimuthal coordinate by means of the mechanical phase shifting detailed in [11] . The error in the retrieved field ranges from to . Therefore, the agreement in the retrieved profile is expected to be very good. In general, the error is lower at the lowest frequencies wherein the sampling is denser than the minimum one. On the other hand, the error increases at the highest frequencies wherein the sampling is close to the minimum one.
The object retrieved from the field values in the rectangular window by means of the algorithm detailed in [22] is shown in Fig. 5 with an excellent agreement with the OUT.
III. MEASUREMENTS RESULTS
Finally, experimental validation of the proposed technique is presented. A planar measurement setup, shown in Fig. 6 , is used. The phase shifting has been accomplished again by applying the mechanical displacements detailed in [11] instead of using a phase shifter. All the measurements have been accomplished at 18 GHz by acquiring the field on a plane-polar surface with a maximum radius . Several OUTs have been considered for this example [see geometries in Fig. 7(a) , (c), and (e)]. These objects have been constructed from square brass plates of edge 10 cm so that the maximum radius of the disk enclosing the OUTs is . The transmitter and receiver antennas are two horn antennas separated by 23.5 cm. The distance from the plane containing the aperture of the antennas to the OUT plane is 50 cm. The bandwidth enlargement and oversampling factors and the number of samples for the interpolation have been set as in the previous example. Taking into consideration the described setup, the resulting number of acquisition points is 324. A conventional sampling for a monostatic plane-polar acquisition with the same radius would result into 9331 points achieving a 28 times reduction in the number of samples.
In order to measure the amplitude, a vector network analyzer (VNA) has been used to acquire the parameter. Only the square of the amplitude is stored so that the phase information is discarded. In a final system, this measurement would be accomplished by a power-meter.
The steps that have been followed for each OUT are: 1) the OUT is moved along the acquisition points so that the hologram in (8) is acquired; 2) the reference branch is unplugged and the loads are placed at the open ends, the OUT is moved again along the acquisition points so that is acquired; 3) the modified hologram for the reduced field is computed and the data is recovered by filtering the spectra as previously detailed; 4) the reduced field is retrieved by means of OSI on a square grid whose edges are equal to , the sampling step is . 5) the field is recovered from the reduced field and then the reflectivity is computed as in the first numerical example by means of FFTs [21] . A zero padding is used to improve the rendering of the retrieved profile. The error as defined in the first numerical example is 16%, 12%, and 25% for the geometries shown in Fig. 7(a), (c) , and (e), respectively. This error is computed by comparing the field retrieved in the square grid with the one measured in the step #2. In addition, the phase shift, whose associate errors have been quantified in [11] , corresponding to the phase term is computationally removed. These errors are higher than in the previous example due to the multiple factors including measurement noise, mechanical positioning accuracy and phase shifting error.
The retrieved reflectivity for the different geometries is shown in Fig. 7(b) , (d), and (f). Despite the reduced number of points, the profile of the objects is still clearly visible with a resolution close to the wavelength.
IV. CONCLUSION
A phaseless monostatic planar setup has been presented in this paper. In comparison with some of the already available techniques (e.g., [3] - [7] ), the proposed monostatic setup involves less information since only one acquisition point is used for each incident field. However, experimental results available in the literature reveals that this planar monostatic acquisition can provide valuable information for defense and security purposes (e.g., [18] and [21] ).
In this setup, Leith-Upatnieks holography has been applied to acquire the scattered field and, consequently, it is iteration-free as opposed to other phase retrieval schemes [3] , [4] . Thus, any potential stagnation problem is avoided. In addition, it does not require any specific geometry restrictions to avoid local minima [4] , [5] . In return, it requires an accurate characterization of the reference wave as well as some extra equipment. However, these drawbacks have been alleviated by applying recent advances in the field (see [11] ) .
The scanning system herein presented exhibits the following characteristics: 1) low cost due to the amplitude-only acquisition; 2) efficient acquisition due to the very reduced number of acquisition points; and 3) computationally inexpensive postprocessing that enables the evaluation of the field everywhere inside the acquisition surface.
Despite the aforementioned advantages, accuracy has not suffered a significant degradation with respect to a full-wave acquisition as it has been proved for several numerical examples. In addition, the practical implementation has been validated with multiple examples at microwave frequencies. 
